Abstract. We prove that the stochastic completeness of a Riemannian manifold (M, , ) is equivalent to the validity of a weak form of the Omori-Yau maximum principle. Some geometric applications of this result are also presented.
Introduction and main result
Let (M, , ) be a smooth, connected, non-compact, Riemannian manifold, with a fixed origin o, and denote by r(x) the distance function from o. We recall that the Brownian motion (or Wiener process) on M is called recurrent if it visits every open set of M at arbitrarily large time with probability one, and transient otherwise. It is well known that recurrence is related to various geometric properties of the manifold, such as volume growth, curvature, isoperimetric inequalities, and so on. On the other hand, it is also linked to basic potential-theoretic properties of the Laplace-Beltrami operator ∆; indeed it is equivalent to parabolicity.
Another important feature of the Brownian motion is stochastic completeness. We say that the Brownian motion of M , or M for short, is stochastically complete if the probability of a particle to be found in the state space is constantly equal to one. If this is not the case, M is said to be stochastically incomplete.
The first example of a geodesically complete stochastically incomplete manifold was found by Azencott [A] . In his example, (M, , ) has negative sectional curvature which diverges rapidly to −∞ as r(x) tends to infinity. In some sense the negative curvature plays the role of a drift that is strong enough to sweep the Brownian particle to infinity in a finite time.
An interesting problem is to determine which geometric properties of M ensure stochastic completeness or incompleteness. Fundamental contributions are due to Azencott [A] , Gaffney [G] , Yau [Y1] , Li [L] , and Grigor'yan [Gr1] , [Gr2] . We refer the reader to the excellent survey paper by Grigor'yan [Gr3] for an exhaustive account of the theory.
Let us now state the following seemingly unrelated question:
Given any smooth bounded above function u on M , and > 0, does there exist
An affirmative answer to (1.1) amounts to the validity of what is known in the literature as an Omori-Yau type maximum principle. Indeed, Omori [O] first proved this result assuming that M is complete with sectional curvature bounded from below. Later, Yau [Y2] and Cheng and Yau [CY] gave a generalized and simplified version of the result relaxing the curvature assumption to Ricci bounded below. Clearly this kind of result serves as a substitute for the standard maximum principle in non-compact settings.
Recently, K. Takegoshi [T] claimed a positive answer to (1.1) under completeness and the following volume growth condition:
where B r = {x ∈ M : r(x) < r} is the geodesic ball of radius r centered at o. He also conjectured that the maximum principle holds replacing the above with the weaker assumption
Unfortunately, there seems to be a gap in the proof (see [T, Theorem 2.3] ) that the present authors were unable to fill.
We note that Grigor'yan [Gr1] showed that, for a complete manifold, (1.2) is sufficient for stochastic completeness.
The theories of stochastically complete and parabolic manifolds display several intriguing analogies. In particular, as parabolicity may be thought of as a kind of maximum principle, in the sense that it is equivalent to the statement that if u is smooth and bounded above, then either u is constant or inf M ∆u < 0, stochastic completeness turns out to be equivalent to the validity of a weak form of the OmoriYau maximum principle, as expressed in the next theorem. (1) M is stochastically complete.
(2) For every λ > 0, the only non-negative, bounded smooth solution
It is an interesting problem to investigate the possible relationships between the validity of the full Omori-Yau principle and stochastic completeness, and determine if, under additional conditions on (M, g), the two are equivalent. In particular, a positive answer to the latter question could lead to a proof of the aforementioned Takegoshi's conjecture. On the other hand, the equivalence between the weak maximum principle and stochastic completeness established in Theorem 1.1 appears to be more natural. Indeed, making the additional requirement that the norm of the gradient tends to zero along the sequence selected in (4), forces (M, g) to be nonextensible, and it is well known that there exist stochastically complete, extensible Riemannian manifolds. A trivial example is provided by (R 2 \ {0}, can) . The equivalence between (1) and (2) is well known; see for instance Theorem 6.2 in [Gr3] . Furthermore, (3) implies (4) and (4) implies (2) in an obvious way.
We also note that, using a further characterization of stochastic completeness, it was shown by L. Karp (see the (proof of) [K, Theorem 2.3] ) that, for a complete manifold, (1) implies
The latter is clearly implied by (3) above.
Proof of Theorem 1.1. It follows from the above discussion that it remains to prove the implication (2) ⇒ (3). We argue by contradiction, and assume that there exists a function u satisfying the conditions in (3) and such that, for some α > 0,
on Ω * . Since 0 is obviously a subsolution of equality (1.4) on M , we see that
Noting that any positive constant is a supersolution of (1.4), choosing u + > α, and applying the monotone iteration scheme (see [RRV, Proposition 2.4] for the formulation needed here) yields a smooth solution v of (1.4) on M such that u α ≤ v ≤ u + . Now, since u α does not vanish identically, the same holds for v, and this contradicts (2).
Some applications
The Omori-Yau maximum principle is closely related to several problems in differential geometry and geometric function theory. The interested reader may refer to the following (significant, but by no means exhaustive) list of papers: [CX] , [K] , [Ks] , [MY] , [O] , [R] , [RRS] , [Y2] , [Y3] .
Using Theorem 1.1 a number of results can be proved under the only assumption that the underlying manifold is stochastically complete. By way of examples we describe a few typical applications. Proof. We consider the case where m ≥ 3, the case m = 2 being similar. Setting v = u 4/(m−2) , it is well known that the function u is a solution of the Yamabe equation
where we have used the assumption that ϕ preserves the scalar curvature. We want to show that inf M u ≥ 1. Assume the contrary. Since u is bounded below, we may use Theorem 1.1 in the form of a weak minimum principle to deduce that there exists a sequence {x n } such that, for every n, u(x n ) → inf M u < 1 and ∆u(x n ) ≥ −1/n. The assumptions inf M u > 0 and s(x) ≤ − imply that
for some C > 0 and every sufficiently large n, contradicting ∆u(x n ) ≥ −1/n.
The equivalence between stochastic completeness and the validity of the weak form of the Omori-Yau maximum principle also allows us to give extremely short proofs of several properties of stochastic complete manifolds. As an example we state the following result concerning the invariance of stochastic completeness under compact deformations, which is well known (cf. [Gr3, Corollary 6.5] We note that the situation described above occurs, for instance, in the following cases:
(a) Both (M, g) and (N, h) are geodesically complete.
(b) ϕ preserves precompactness in the the ambient spaces, that is, U ⊂ M \ A is precompact in M if and only if ϕ(U ) is precompact in N . In this respect, we observe that if (a) above fails, some further condition on the isometry must be imposed for the conclusion of the proposition to hold. Indeed, it suffices to consider M = R 2 with the canonical metric, A = {x : |x| 2 ≤ 1}∪{(2, 0)}, N = R 2 \ {x : |x| 2 ≤ 1}, B = {(2, 0)}, and the isometry id : M \ A → N \ B. To describe the next application, we recall that a geodesic ball B R (q) ⊂ (N, (, ) ) is said to be regular if it is contained in the complement of the cut locus of q and, denoting by N 
Proof. We consider only the case K < 0, the other cases being similar. To simplify notation we assume that K = −1. Denote by ρ the distance function in (N, (, ) ) from the point q, and set u = 1/2 cosh(ρ • ϕ). A straightforward computation that uses the Hessian comparison theorem (see [GW] ) yields ∆u ≥ u 2e(ϕ) + tahn(ρ • ϕ) (∇ρ, τ (ϕ) ) .
Since u ≥ 1/2, and −τ o tanhR ≤ tanh(ρ • ϕ) (∇ρ, τ (ϕ) ) on M, we deduce that
Now the required conclusion (with K = −1) follows from (4) in the statement of Theorem 1.1.
We remark that for the conclusion of Theorem 2.3 to hold it suffices to assume the validity of (1.3) in Section 1.
We also note that if ϕ : (M, , ) → (N, (, ) ) is an isometric immersion and m = dimM , then 2e(ϕ) = m and τ (ϕ) = mH, where H denotes the mean curvature vector. This case has been considered in [K] , assuming conditions that imply stochastic completeness of the complete manifold (M, , ), such as appropriate bounds on the volume growth or on the curvature, or the hypothesis that the (M, , ) is a properly embedded minimal submanifold of R n . Theorem 2.3 can also be applied to give, in the only assumption of stochastic completeness, a negative answer to a question of Calabi (see [EK] ) on the existence of complete minimal surfaces in R 3 with bounded image. We point out that in a recent paper N.S. Nadirashvili [N] (see also the corrections in [CR] ) has exhibited an example solving in the affirmative this long-standing problem. However, the search of mild additional geometric assumptions under which the image ϕ(M ) is necessarily unbounded remain a challenging task. In this respect we quote the beautiful striking half-space theorem of Hoffman and Meeks [HM] .
To state our last application recall that, according to the Ruh-Vilms theorem, an isometric immersion ϕ : M → R n has parallel mean curvature if and only if its Gauss map γ ϕ : M → G m (R n ) is harmonic. Further, the energy density of the Gauss map is equal to one half the square of the norm of the second fundamental form of ϕ (see [EL] , pp. 17-19). Now, a result of Fischer-Colbrie [FC] 
